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^ I Abstract: The Roman dominating function on a graph G = (y,E) is a 

function / : V — > {0, 1, 2} such that each vertex x with f{x) = is adjacent 



to at least one vertex y with f{y) = 2. The value f{G) = Yl /('^) 

«ey(G) 

called the weight of /. The Roman domination number 7r(G) is defined as 

> 

O ! the minimum weight of all Roman dominating functions. This paper defines 



the Roman bondage number 6r(G') of a nonempty graph G = (V, E) to be 



m 
cn 

^ I the cardinality among all sets of edges B C E for which 7r(G — B) > 7r(G). 

Some bounds are obtained for 6r(G), and the exact values are determined for 
several classes of graphs. Moreover, the decision problem for 6r(G') is proved 

X" 

H ' to be NP-hard even for bipartite graphs. 
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1 Introduction 

In this paper, a graph G = (V, E) is considered as an undirected graph without loops 
and multi-edges, where V = V{G) is the vertex set and E = E{G) is the edge set. For 
each vertex x G V{G), let Ng{x) = {y G V{G) : {x,y) G E{G)}, Ng[x] = Ng{x) U {x}. 



*The work was supported by NNSF of China (No. 11071233). 
^Corresponding author: xujni@ustc.edu.cn 



A subset 5* C y is a dominating set of G if NclxjCiS ^ for every vertex x in G. The 
domination number of G, denoted by 7(G), is the minimum cardinahty of all dominating 
sets of G. The Roman dominating function on a graph G = {V, E), proposed by Cockayne 
et al. [2], is a function / : \^ — t- {0, 1, 2} such that each vertex x with f{x) = is adjacent 
to at least one vertex y with fiy) = 2. Let (Vo,V^i, V2) be the ordered partition of V 
induced by /, where Vi = {v E V\f{v) = i} for i = 0,1, 2. It is clear that Fi U V2 is a 
dominating set of G, called the Roman dominating set, denoted by Z^r = (Vi, V2). For 

S C V, let f{S) = /(■")• The value f(y{G)) is called the weight of /, denoted by 

ues 

f{G). The Roman domination number, denoted by 7r(G), is defined as the minimum 
weight of all Roman dominating functions, that is, 

7r(G') = min{/(G) : / is a Roman dominating function on G}. 

It is clear that for a Roman dominating function f on G and a Roman dominating 
set of G, /(-Dr) = 2IV2I + If Dr is a minimum Roman dominating set of graph 
G, then /(-Dr) = 7r(G). A Roman dominating function / is called a 'y-R-function if 
f{G) = 7r(G). It has been showed by Cockayne et al. [2\ that for any graph G, 7(G') ^ 
1r{G) ^ 27(G). A graph G is called to be Roman if 7r(G) = 27(G). Roman domination 
numbers have been studied, for example, in[2l[3l[5l[6l[ni[T2l[T3l[Tl[T5l[l6l[20]. 

To measure the vulnerability or the stability of the domination in an interconnection 
network under edge failure. Fink et at. [4J proposed the concept of the bondage number 
in 1990. The bondage number, denoted by b{G), of G is the minimum number of edges 
whose removal from G results in a graph with larger domination number of G. 

Analogously, we can define the Roman bondage number. The Roman bondage num- 
ber, denoted by 6r(G), of a nonempty graph G is the minimum number of edges whose 
removal from G results in a graph with larger Roman domination number. Precisely 
speaking, the Roman bondage number 

6r(G) = min{|5| : B C E(G),7r(G - B) > 7r(G)}. 

An edge set B that 7r(G — B) > 7r(G) is called the Roman bondage set and the 
minimum one the minimum Roman bondage set. In fact, if i? is a minimum Roman 



bondage set, then 7r(G — B) = 7r(G') + 1, because the removal of one single edge can 
not increase the Roman domination number by more than one. If 6r(G) does not exist 
we define 6r(G') = oo. 

In this paper, we give an original investigation. Some bounds are obtained for 6r(G'), 
and the exact values are determined for several classes of graphs. Moreover, the decision 
problem for &r(G') is proved to be NP-hard even for bipartite graphs. 

In the proofs of our results, when a Roman dominating function of a graph is con- 
structed, we only give its nonzero value of some vertices. 

2 Some basic results on 7r 

For terminology and notation on graph theory not given here, the reader is referred to 

Let G = (V, E) be a graph and Ec{x) = {xy G E{G) : y G Ng{x)}. For two disjoint 
nonempty sets S,T C V{G), Eg{S,T) = E{S,T) denotes the set of edges between S 
and T. The degree of x is denoted by dcix), which is equal to \Ng{x)\, and rii denotes 
the number of vertices of degree z in G for i = 1,2, ■ ■ ■ , A(G'). Denote the maximum and 
the minimum degree of G by A{G) and S{G), respectively. 

The symbols P„ and C„ denote a path and a cycle, respectively, where V{Pn) = 
ViCn) = {xi,X2, - ■ ■ ,Xn}, E{Pn) = {xjXi+i : 2 = 1 , 2, ■ ■ ■ , n} and E{Gn) = E{Pn)Li 

{XlXn}. 

The Cartesian product graph Gi x G2 of two graphs Gi = {Vi, Ei) and G2 = (V2, E2) 
is a graph with vertex-set V = Vi x V2 = {{x,y) : x E Vi,y E V2}, and two vertices 
{xi,yi) and {x2,y2) being adjacent if and only if either xi = X2, yi and y2 are adjacent 
in G2, or yi = y2, Xi and X2 are adjacent in Gi. 

In this section, we recall some basic results on 7r, which will be used in our discussion. 

Lemma 2.1 (Cockayne et al. [2j) For a path Pn and a cycle Gn, 

,"2n' 

7R(^n) = lKi.Cn 



For a grid graph P2 x 



7r(^2 X P„) 



n + 1. 



For a complete t-partite graph Kmi,m2,---,mt with 1 < mi < m2 < ■ ■ ■ < rrit and t > 2, 



Lemma 2.2 (Cockayne et al. [2]) If G is a graph of order n and contains vertices of 
degree n — 1, then ■Jr{G) = 2. 

Lemma 2.3 Let G be a nonempty graph with order n > 3, then 7r(G') = S if and only 
if A{G) = n-2. 

Proof. Assume that m is a vertex of degree n — 2 and v is the unique vertex not adjacent 
to u in G. It is easy to verify that 7r(G') > 3. Let / be a function from V{G) to {0, 1, 2} 



Then / is a Roman dominating function of G with f{G) = 3. Thus, 7r(G') = 3. 

Conversely, assume 7r(G') = 3, then A(G) < n — 2 by Lemma 12.21 Let / be a 
7R-function of G. 

If there is no vertex u with f{u) = 2, then f{v) = 1 for each vertex v G V{G), and 
so n = 3 since f{G) = 7r(G') = 3. Sine G is nonempty and not K3, G consists of K2 
and an isolated vertex. Thus, A(G) = 1 = n — 2. 

If there is a vertex u with f{u) = 2, then there is only one vertex v G V{G) with 
/(f) = 1 since f{G) = 7r(G') = 3. The other n — 2 vertices assigned are all adjacent 
to u. Thus, A{G) > dciu) > n - 2 and hence A{G) =n-2. I 

Lemma 2.4 Let G be an {n — 3)-regular graph with order n > 4. Then 7r(G') = 4. 

Proof. Since G is {n — 3)-regular and n > 4, G is nonempty. It is clear that 7r(G') > 2. 
By Lemma 12. 3[ 7r(G') 7^ 3 since A(G) = n — 3. Then 7r(G) > 4. For any vertex 




subject to 




2, if X = u; 
1, if a; = v; 
0, otherwise 



X G V{G), let y,z be the only two vertices not adjacent to x in G, let /(x) = 2 and 
f{y) = = 1- Then, / is a Roman dominating function of G with /(G) = 4, hence 
TrIG) < 4. Thus, 7r(G) = 4. I 

Lemma 2.5 (Cockayne et al. [2]) For an?/ graj^/i G, 7(G) < 7r(G) < 27(G). 

Lemma 2.6 (Cockayne et al. [2]) For any graph G of order n, 7(G) = 7r(G) if and 
only ifG = Kn- 

Lemma 2.7 (Cockayne et al. [2J) If G is a connected graph of order n, then 7r(G) = 
7(G) + 1 if and only if there is a vertex v G V{G) of degree n — 7(G). 

A graph G is called to be vertex domination- critical ( vc-graph for short) if 7(G — x) < 
7(G) for any vertex x in G. 

Lemma 2.8 (Brigham, Chinn and Button [T], 1988) A graph G with 7(G) = 2 is a vc- 
graph if and only if G is a complete graph K2t (t > 2) with a perfect matching removed. 

A graph G of order n is vertex Roman domination- critical ( vrc-graph for short) if 
7r(G) 7^ n and 7r(G — x) < 7r(G) for any vertex x in G. For example, for a positive 
integer k, both G^k+i and G3k+2 are vrc-graphs by Lemma [2.11 From the definition, it is 
clear that 7r(G) > 3 if G is a vrc-graph with order at least 3. 

Lemma 2.9 If G is a vrc-graph with 7r(G) = 3, then G is a vc-graph with 7(G) = 2. 

Proof. Let G be a vrc-graph with 7r(G) = 3. From the definition of vrc-graph, 
\V{G)\ > 7r(G) = 3. By Lemma EJl A(G) = \V{G)\ - 2 and hence 7(G) = 2. For any 
vertex x, if 7r(G — x) < 7r(G) = 3, then 7r(G — x) = 2 since G — x is nonempty. By 
Lemma [2. 2[ G — x contains vertices of degree \V{G — x)| — 1 and, hence, 7(G — x) = 1, 
which implies that G is a vc-graph. I 



3 The exact values of 6r for some graphs 



Lemma 3.1 Let G be a graph with order n > 3 and t be the number of vertices of degree 
n~l inG. Ift>l then 6r(G) = [|] . 

Proof. Let if be a spanning subgraph of G obtained by removing fewer than [|] edges 
from G. Then H contains vertices of degree n — 1 and, hence, 7R(ii) = 2 = 7r(G') by 
Lemma [2 ■2[ which imphes 6r(G') > [|]. 

Since G contains t vertices of degree n—1, it contains a complete subgraph Kt induced 
by these t vertices. We can remove [|] edges such that no vertices have degree n — 1 and, 
hence, Jk{H) > 3 > 2 = 7r(G) since n > 3. Thus b^{G) < [|], whence 6r(G) = [|]. i 

Corollary 3.1 For a complete graph Kn (n>3), 6r(-K'„) = [1]. 

Theorem 3.1 For a path Pn with n > 3, 

/, \ _ / 1' if n = 0, l(mod3); 
ORi^n) <y 2^ otherwise. 

Proof. Let Pn = (xi,X2, . . . ,a;„) be a path. By Lemma [2Tn ■jR^Pn) = [^1- 
If n = 0, 1 (mod 3), then 



lR{Pn - X2X3) =2 + 



2(n-2) 



1 + 



2n- L 



l + 7R(^n 



and hence &R(Pn) < 1, whence bn^Pn) = 1. 

If n = 2 (mod 3), then for any edge e = XiXi+i G i?(P„.), 

'2{n-i) + 2i + 2' 



'2i 




'2{n-i)' 






+ 




< 


3" 


3 





and hence &r(P„) > 2. Since 

7r(P„ - - X4X5) = 2 + 2 
we have 6r(-P«) < 2, whence 6R(Pn) = 2. 
Corollary 3.2 For a cycle Cn with n > 3, 

bK{G, 





'2n 




3 



lR{Pn 



2(n-4) 



1 + 



2n + l 



>1 + 7r(P„), 



2, if n = 0,1 (mod 3); 

3, otherwise. 



Lemma 3.2 Let Pn = {xi,X2, ■ ■ ■ , Xn) be a path, and use Uij to denote the vertex {xi, xj) 
in P2 X Pn, where I < i < 2 and 1 < j < n. Then there exists a j-Ei-function f on P2X Pn 
such that /(mi,!) = 2 or /('U2,i) = 2 or = 2 or f{u2,n) = 2. 

Proof. Without loss of generality, we only need to find a 7R-function / on P2 x Pn with 
f{ui,i) = 2. Define a Roman dominating function / as follows. For each non-negative 
integer i with 1 + Ai < n, let /(ui.i4.4j) = 2, and for each non-negative integer j with 
3 + 4j < n, let /(m2,3+4j) = 2. If n = (mod 4), let /(mi,„) = 1, and if n = 2 (mod 4), 
let f{u2,n) = 1- Then /(P2 x Pn) = n + 1 and, hence by Lemma [2?T| / is a 7R-function 
with /(mi,i) = 2. I 

Theorem 3.2 6r(P2 x P„) = 2 for n>2. 

Proof. By Lemma \2.1\ we have 7r(P2 x P„) = n + 1. Since 7r(P2 x Pn — ui^iUi 2 — 
^2,1^2,2) = 2 + 7r(P2 X P„_i) = n + 2, we have 6r(P2 x P„) < 2. Next we prove that 
7r(P2 X Pn - e) < 7r(P2 X Pn) foT any edge e G E{P2 x P„). 

Suppose that e is incident with some vertex in {ui^i,U2^i,Ui^n,U2,n}- Without loss 
of generality let e be incident with By Lemma 13.2^ there exists a 7R-function / 

on P2 X (P„ — Pi) such that /(m2,2) = 2. Denote /(mi,i) = 1 and then / is a Roman 
dominating function of P2 x P„ — e with /(P2 x P„ — e) = n + 1, thus 7r(P2 x P„ — e) < 
7r(^2 X P„). 

Suppose that e is incident with some vertex in {-Uj j : 1 < i < 2,2 < j < n — 
1} \ {^1,1' ""2,15 ""i.Ti, 'ii2,n}- Without loss of generality let e be incident with uij and 
not incident with Wij-i- By Lemma I3.2[ there exists a 7R-function /i on P2 x Pj-i 
with /i(mij-i) = 2 and a 7R-function /2 on P2 x (P„ — P,) with 72(^^2 j+i) = 2. Then 
/ = /i U /2 is a Roman dominating function on P2 x P„ — e with /(P2 x P„ — e) = n + 1, 
thus 7r(P2 X P„ - e) < 7r(P2 x P„). 

The above two cases yield that &r(P2 x P„) > 2 and, hence, 6r(P2 x P„) = 2. The 
lemma follows. 1 



4 Complexity of Roman bondage number 

In this section, we will show that the Roman bondage number problem is NP-hard and 
the Roman domination number problem is NP-complete even for bipartite graphs. We 
first state the problem as the following decision problem. 
Roman bondage number problem (RBN): 
Instance: A nonempty bipartite graph G and a positive integer k. 
Question: Is 6r(G) <k? 

Roman domination number problem (RDN): 

Instance: A nonempty bipartite graph G and a positive integer k. 

Question: Is 7r(G') < k? 
Following Garey and Johnson's techniques for proving NP-completeness given in [7], 

we prove our results by describing a polynomial transformation from the known-well 

NP-complete problem: 3SAT. To state 3SAT, we recall some terms. 

Let f/ be a set of Boolean variables. A truth assignment for f/ is a mapping t : U ^ 
{T,F}. If t{u) = T, then u is said to be "true" under t; If t{u) = F, then u is said to 
be "false" under t. If m is a variable in U, then u and u are literals over U. The literal 
u is true under t if and only if the variable u is true under t; the literal u is true if and 
only if the variable u is false. 

A clause over [/ is a set of literals over U. It represents the disjunction of these 
literals and is satisfied by a truth assignment if and only if at least one of its members 
is true under that assignment. A collection ^ of clauses over U is satisfiable if and only 
if there exists some truth assignment for U that simultaneously satisfies all the clauses 
in Such a truth assignment is called a satisfying truth assignment for The 3SAT 
is specified as follows. 

3-satisfiability problem (3SAT): 

Instance: A collection 'to = {Gi, G2, ■ ■ ■ , Gm} of clauses over a finite set 
U of variables such that \Gj\ =3 for j = 1,2, ... ,m. 
Question: Is there a truth assignment for U that satisfies all the clauses 
m ^? 



Theorem 4.1 (Theorem 3.1 in [7]) 3SAT is NP-complete. 
Theorem 4.2 RBN is NP-hard even for bipartite graphs. 

Proof. The transformation is from 3SAT. Let U = {ui, U2, ■ ■ ■ , Un} and ^ = {Ci, C2, ■ ■ ■ , 
Cm} be an arbitrary instance of 3SAT. We will construct a bipartite graph G and choose 
an integer k such that ^ is satisfiable if and only if 6r(G') < k. We construct such a 
graph G as follows. 

For each i = 1,2, ... ,n, corresponding to the variable Ui G U, associate a graph Hi 
with vertex set V{Hi) = {ui, Ui, Vi, v[, Xi, Ui, Zi, Wi] and edge set E{Hi) = {uiVi, UiZi, Uiv[, 
UiZi, UiVi, yiv'i, ViZi, WiVi, wX, WiZi, XiVi, Xjf •}. For each j = l,2,...,m, corresponding to 
the clause Gj = {pj,qj,rj} G associate a single vertex Cj and add edge set Ej = 
{cjPj,Cjqj,Cjrj}, 1 < j < m. Finally, add a path P = S1S2S3, join si and S3 to each 
vertex cj with I < j < m and set A; = 1. 

Figure [1] shows an example of the graph obtained when U = ^2, M3, M4} and 
^ = {Gi, G2, C3}, where Gi = {ui, U2, M3}, C2 = {ui, U2, U4}, G3 = {u2, M3, U4}. 



Xi X2 X3 Xa 




Fi gure 1: An instance of the Roman bondage number problem resulting from an instance of 3SAT. 
Here k ~ \ and 7r(G) ~ 18, where the bold vertex w means a Roman dominating function with 

/H = 2. 



To prove that this is indeed a transformation, we only need to show that 6r(G') = 1 
if and only if there is a truth assignment for U that satisfies all clauses in This aim 
can be obtained by proving the following four claims. 

Claim 4.1 7r(G) > 4n + 2. Moreover, if JrIG) = An + 2, then for any jii-function f 
on G, f{Hi) = 4 and at most one of f{ui) and f{ui) is 2 for each i, f{cj) = for 
each j and /(S2) = 2. 

Proof. Let / be a 7R-function of G, and let H'^ = Hi — Ui — Ui. 

If f{ui) = 2 and f{ui) = 2, then f{Hi) > 4. Assume either f{ui) = 2 or f{ui) = 2, 
if f{xi) = or f{yi) = 0, then there is at least one vertex t in {vi, Vi, Zi] such that 
f{t) = 2. And hence f{Hl) > 2. Thus, f{Hi) > 4. 

If f{ui) 7^ 2 and f{ui) 7^ 2, let /' be a restriction of / on H'-, then /' is a Roman 
dominating function of H-, and f'{Hl) > 7R(iJ-). Since the maximum degree of 
is V{Hl) - 3, by Lemma [ZH 7r(//D > 3 and hence f'{H^) > 4 and f{Hi) > 4. 
If /(si) = or /(ss) = 0, then there is at least one vertex t in {ci, ■ ■ ■ , c^, S2} such 
that f{t) = 2. Then f{NG[V{P)]) > 2, and hence 7r(G) > 4n + 2. 

Suppose that 7r(G) = 4n + 2, then f{Hi) = 4 and since f^Ndxi]) > 1, at 
most one of f{ui) and f{ui) is 2 for each i = 1,2, ... ,n, while f{NG[V{P)]) = 2. 
Then we have /(S2) = 2 since /(Ai'G[s2]) > 1- Consequently, f{cj) = for each 
j = l,2,...,m. I 

Claim 4.2 7r(G) = 4n + 2 if and only ifio is satisfiable. 

Proof. Suppose that 7r(G') = 4n + 2 and let / be a 7R-function of G. By Claim 
4.1, at most one of and f{ui) is 2 for each i = 1,2, . . . ,n. Define a mapping 



We now show that t is a satisfying truth assignment for It is sufficient to show 
that every clause in ^ is satisfied by t. To this end, we arbitrarily choose a clause 



t:U^{T,F} by 




T if f{u,) = 2 or f{u,) ^ 2 and/(M,) ^ 2, 
F if /(n.) = 2. 



I = 



1,2,..., 



n. 



(4.1) 



Cj G ^ with l<j<m. 

By Claim 4.1, f{cj) = f{si) = /(S3) = 0. There exists some i with 1 < i < n 
such that f{ui) = 2 or f{ui) = 2 where cj is adjacent to Ui or -Uj. Suppose that 
Cj is adjacent to Ui where f{ui) = 2. Since Ui is adjacent to Cj in G, the hteral 
Ui is in the clause Cj by the construction of G. Since = 2, it follows that 

t{ui) = T by (14.11) . which implies that the clause Cj is satisfied by t. Suppose that 
Cj is adjacent to Ui where /(uj) = 2. Since Ui is adjacent to Cj in G, the literal -Uj 
is in the clause Cj. Since f{ui) = 2, it follows that t{ui) = F hj (14.11) . Thus, t 
assigns Ui the truth value T, that is, t satisfies the clause Cj. By the arbitrariness 
of j with 1 < j < m, we show that t satisfies all the clauses in that is, ^ is 
satisfiable. 

Conversely, suppose that ^ is satisfiable, and let t : U — t- {T, F} be a satisfying 
truth assignment for Create a function / on V{G) as follows: if t{ui) = T, then 
let fim) = f{v[) = 2, and if t{ui) = F, then let f{ui) = f{vi) = 2. Let /(sa) = 2. 
Clearly, f{G) = An + 2. Since t is a satisfying truth assignment for for each 
j = 1,2, ... ,m, at least one of literals in Cj is true under the assignment t. It 
follows that the corresponding vertex Cj in G is adjacent to at least one vertex w 
with f{w) = 2 since Cj is adjacent to each literal in Cj by the construction of G. 
Thus / is a Roman dominating function of G, and so 7r(G') < f{G) = 4n + 2. By 
Claim 4.1, 7r(G) > 4n + 2, and so 7r(G) = 4n + 2. 1 

Claim 4.3 7r(G - e) < An + 3 for any e e E{G). 

Proof. For any edge e G E(G), it is sufficient to construct a Roman dominating 
function / with weight 4?t, + 3 of G. We first assume e G Eg{si) or e G -EgI-^s) 
or e G Ecicj) for each j = 1, 2, . . . , m, without loss of generality let e G -E'g'(si) 
or e = CjUj or e = CjUi. Let /(S3) = 2,/(si) = 1 and /(wj) = /(f^') = 2 for 
each i = l,2,...,n. For the edge e ^ Eciui) and e ^ Eg{v[) or e = let 
/(si) = 2, /(S3) = 1 and /(Mi) = /(t;0 = 2. For the edge e ^ E(m,) and e ^ ^(t;^) 
or e = UiZi, let /(si) = 2, /(sa) = 1 and /(m^) = f{vi) = 2. If e = j or e = Uiv[, 



let /(si) = 2, /(ss) = 1 and /(xj) = f{zi) = 2. Then / is a Roman dominating 
function of G — e with f{G — e) = 4n + 3 and hence 7r(G — e) < 4n + 3. i 

Claim 4.4 7r(G') = 4n + 2 z/ and only if b^i^G) = 1. 

Proof. Assume 7r(G) = 4n + 2 and consider the edge e = siS2- Suppose 7r(G) = 
1r{G — e). Let /' be a 7R-function of G — e. It is clear that /' is also a 7R-function 
on G. By Claim 4.1 we have f'{cj) = for each j = 1,2, ... ,m and f'{s2) = 2. 
But then f'{NG-e[si]) = 0, a contradiction. Hence, 7r(G) < 7r(G — e), and so 
6r(G) = 1. 

Now, assume &r(G) = 1. By Claim 4.1, we have that 7r(G) > 4n + 2. Let e' be an 
edge such that 7r(G') < 7r(G — e'). By Claim 4.3, we have that 7r(G — e') < 4n + 3. 
Thus, 4n + 2 < 7r(G') < 7r(G - e') < 4n + 3, which yields 7r(G) = 4n + 2. i 

By Claim 4.2 and Claim 4.4, we prove that 6r(G) = 1 if and only if there is a truth 
assignment for U that satisfies all clauses in Since the construction of the Roman 
bondage number instance is straightforward from a 3-satisfiability instance, the size of 
the Roman bondage number instance is bounded above by a polynomial function of the 
size of 3-satisfiability instance. It follows that this is a polynomial reduction. 

The theorem follows. i 

Corollary 4.1 Roman domination number problem is NP-complete even for bipartite 
graphs. 

Proof. It is easy to see that the Roman bondage problem is in NP since a nondeter- 
ministic algorithm need only guess a vertex set pair (Vi, V2) with \Vi\ + 2IV2I < k and 
check in polynomial time whether that for any vertex u ^ V \ {Vi U V2) whether there is 
a vertex in V2 adjacent to u for a given nonempty graph G. 

We use the same method as Theorem 14.21 to prove this conclusion. We construct the 
same graph G but does not contain the path P. We set k = 4n, then use the same 
methods as Claim 4.1 and 4.2, we have that 7r(G) = An if and only if ^ is satisfiable. 1 



5 General bounds 



Lemma 5.1 Let H be a spanning subgraph obtained by removing k edges from a graph 
G. Then b^{G) < b^iH) + k. 

Proof. Let B = E{G) \ E{H) and B' be a minimum Roman bondage set of H. Then 
\B\ = k, \B'\ = bR{H) and -fR{H - B') > -fR{H). Let f : V ^ {0, 1,2} be a Roman 
dominating function on H with f{H) — 7^(7?). Then each vertex x with f(x) = is 
adjacent to at least one vertex y with f{y) = 2 in if, and so is in G since H = G — B, 
which imphes that / is a Roman dominating function of G, and so f{G) > 7r(G). It 
follows that 7r(G - B - B') = 7r(// - B') > -^^{H) > 7r(G') and, hence, 6r(G') < 
\B\ + \B'\ = bK{H) + k. I 

Theorem 5.1 6r(G') < d^x) + d^y) + d^z) - \NG{y) n Ng{{x, 4)| - 3 for any path 
{x,y,z) of length 2 in a graph G. 

Proof. Let Fy = {{y,u) e E{G) : u e Naiy) n Ng{{x,z})}, B = Eg{x) U Eg{z) U 
{EG{y)\Fy). Then 

\B\ = dcix) + dciy) + dG{z) - \NG{y) n Ng{{x, z})\ - 2. 

Let H = G — B + yz. Then x is an isolated vertex and 2; is a vertex of degree 1 which is 
only adjacent to y in if. Let / be a minimum Roman dominating function of H, then 
fix) = 1 and 1 < f{y) + f{z) < 2. 

If f{y) + f{z) = 2, then let /' = / except fix) = 0, f'iy) = 2 and f'iz) = 0. Clearly, 
/' is a Roman dominating function of G with /'(G) < /(if) and, hence, 6r(G) < |-B| — 1. 

If fiy) + f{z) = 1) then fiy) — and /(z) = 1. There is an edge iu,y) E Fy with 
fiu) = 2. Let /' = / except fix) = if « e NGix) or fiz) = if m e ArG(^) \ NGix). 
Then /' is a Roman dominating function of G with /'(G) < /(if), and hence 6r(G) < 

Theorem 5.2 6r(G') < dG(3:^)+(^G(?/)+c?G(-2)-|A^G(y)n7VG({3:, 4)|-|^G(^)n7VG(-2)|-l 
for any path (x, |/, z) of length 2 in a graph G. 



Proof. Let Fy = {{y,u) e E{G) : u G Nciy) H Ng{{x,z})} and F, = {{z,u) G E{G) : 
u G {Ng{z) n iVG(x))}, B = Eg{x) U (Eg(;2) \ F,) U (^0(2/) \ Fy) ^ndH = G-B. Then a; 
is an isolated vertex in H. Let / be a minimum Roman dominating function of if, then 
f{x) = 1. We will construct a Roman dominating function /' of G with f'{G) < f{H). 

If f{z) = 0, then there is an edge {z,s) G F^ with /(s) = 2. Thus, if /(y) = 2 or 
f{z) = 0, let /' = / except f'{x) = 0. In the following, let f{y) ^ 2 and f{z) ^ 0. 

If f{y) = 0. Then there is a vertex s E Fy such that /(s) =2. If s G Ng{x), let 
/' = / except fix) = 0. If s G Ng{z) \ Ng{x), let /' = / except f'{z) = 0. 

If f{y) = 1. If f{z) = 1, let /' = / except f'{x) = f\z) = and f\y) = 2. If 
f{z) = 2, let /' = / except f\y) = 0. 

Then /' is a Roman dominating function of G with f'{G) < f{H), and hence 6r(G') < 
|5| < dGix) + dGiy) + dG{z) - \NG{y) n Ng{{x, z})\ - \Ng{x) n Ng{z)\ - 1. 1 

Corollary 5.1 6r(G') < YmYi{dG{x) + dG^y) + dG^z) -\NG{y)f^NG{{x, z})\-?,,dG{x) + 
dciy) + dG{z) - \NG{y)nNG{{x,z})\ - \Ng{x) n Ng{z)\ - 1} for any path ix,y,z) of 
length 2 in a graph G. 

Corollary 5.2 6r(G') < 2A{G) + S{G) — 3 for any graph with diameter at least two. 

Corollary 5.3 For any tree T of order at least 3, then &r(T) < A(T). 

Proof. If there is a vertex x adjacent to at least two vertices of degree one in T, 
say Ml and U2, then M2) is a path of length 2 in T. By Lemma \5A] &r(T) < 

driui) + drix) + dT{u2) - 3 < A(T) - L 

Assume now that each vertex of T is adjacent to at most one vertex of degree one. 
Then T has a vertex u of degree 2 adjacent to exactly one vertex, say v, of degree one. 
Let w be the other vertex adjacent to u. Then {v,u,w) is a path of length 2 in T. By 
Lemma EH 6r(T) < driv) + driu) + driw) - 3 < A(r). 1 

Lemma 5.2 Let G be a connected graph of order n (> 3) and 7r(G') = 7(G') + 1. // 
there is an set B of edges with 7r(G' ~ B) = 7r(G'), then A(G) = A(G — 5). 



Proof. Since G is connected and > 3, 7r(G') = 7(G) + 1 < n — 1. Since 7r(G — B) = 
7r(G) < n — 1, G — i? is nonempty. By Lemma 1231 and Lemma [231 7r(G' — B) > 7(6* — 
5) + L Since ^^(G - 5) = 7r(G) = 7(G') + 1 < 7(G' - 5) + 1, 7r(G - B) = 71^ - 5) + 1 
and 7(6" -fi) = 7(G). 

If G - 5 is connected, then by Lemma O, A(G - B) = n - 7(G - B) = n - 7(G) = 
A(G). 

If G — -B is disconnected, then let Gi be a nonempty connected component of G — 
B. By Lemma EH and EH 7r(Gi) > 7(Gi) + 1. Then 7(G) + 1 = 7r(G - 5) > 
7r(G'i) + 7r(G' - Gi) > 7(^1) + 1 + ^{G- Gi) > 7(G') + 1, thus 7r(G'i) = 7(^1) + 1, 
7r(G - Gi) = 7(G - Gi) and 7(G) = 7(Gi) + 7(G - Gi). By Lemma ESI G - Gi is 
empty and hence 7(G-Gi) = \V{G-Gi)\. ByLemmaEZl A(Gi) = |y(Gi)| -7(Gi) = 
n - \V{G - Gi)| - 7(Gi) = n - -f{G - Gi) - 7(Gi) =n- 7(G) = A(G). I 

Theorem 5.3 Let G be a connected graph of order n (> 3) and 7r(G) = 7(G) + 1. 
Then b^{G) < min{6(G), nA}, where ua is the number of vertices with maximum degree 
A in G. 

Proof. Since n > 3 and G is connected, A(G) > 2 and hence 7(G) < n — 2. Let i? be a 
minimum bondage set of G. Then G — i? is nonempty and by Lemma [2751 and Lemma [231 
Thus, 7r(G - 5) > 7(G - fi) + 1 > 7(G) + 1 = 7r(G) and hence 6r(G) < b{G). 

We now prove that 6r(G) < ua- By Lemma [2771 1r{G) = 7(G) + 1 if and only if there 
is a vertex of degree n — 7(G). If there is a vertex s in G such that dds) > n — 7(G), 
let f{s) = 2 and f{w) = 1 for any vertex w not in A^ci-^], then / is a Roman dominating 
function of G with /(G) = 7(G), a contradiction. Thus, A(G) = n — 7(G). We can 
remove a smallest edge set B with \B\ < ha edges from G such that A(G — -B) < 
A(G) = n — 7(G) and G — i? is nonempty. Since G — i? is nonempty, by Lemma 12.5! 
and Lemma 12.61 1r{G — B) > 7(G — B) + \. Assume 7r(G — B) = 7r(G), then by 
Lemma ^7I\ A{G — B) = A(G) = n — ^{G), a contradiction. Hence &r(G) < \B\ < ua- i 

Theorem 5.4 For Roman graph G, b^{G) > b{G). 



Proof. Let Bhe a. minimum Roman bondage set of G, then 7^(^—5) > 7r(G') = 27(G). 
By LemmaEa -fR{G-B) < 2-f{G-B), then -f{G-B) > 7(G) and hence 6r(G) > 6(G). 
I 

The equahty in Theorem 15.41 can hold, for example, ^(Gafc) = 2 = b-nlC^k), and the 
strict inequality can also hold, for example, b{G3k+2) = 2 < 3 = b^{G3k+2)- 

Theorem 5.5 Let G be a nonempty graph with 7r(G) > 3. Then 6r(G) < (7r(G) — 
2)A(G) + 1. 

Proof. The proof proceeds by induction on 7r(G). 

We first assume that 7r(G) = 3. Then by Lemma ESI A(G) = \V{G) \ - 2. Assume 
that 6r(G) > A(G)+2. Let u be a vertex of maximum degree in G. We have 7r(G — n) = 
1r{G) — 1 = 2. There is a vertex v that is adjacent to every vertex in G — m and hence 
vu ^ E{G). Since 6r(G — m) > 2, then for any edge e G Ec-uiy), 7r(G — u — e) = 2. 
Thus there is a vertex w that is adjacent to every vertex of G — m — e. But, since v 
is the only vertex of G that is not adjacent to m, wu G E{G), dciw) = \V{G) \ — 1, a 
contradiction. Thus, 6r(G) < A(G) + 1 if 7r(G) = 3. 

Assume the induction hypothesis for any integer k and any graph H with 7R(-ff) = 
A; > 3. Let G be a nonempty graph with 7r(G) = k + 1, and assume that 6r(G) > 
{k - l)A(G) + 2. For any vertex uoiG,\et H = G- u. Then, 7r(/7) = 7r(G) -l = k 

since dciu) < 6r(G). By the inductive hypothesis and by Lemma [5.11 we have 

bniG) <bn{H) + dG{u) 

< {k-2)A{H) + l + dG{u) 

< (fc-2)A(G) + 1 + A(G) 
= (A; - l)A(G) + 1, 

a contradiction. Thus, 6r(G) < (A; — l)A(G) + 1, and by the principle of mathematical 
induction, 6r(G) < (7r(G) - 2)A(G) + 1. 1 
Use k{G) (resp. A(G)) to denote the vertex-connectivity (resp. the edge-connectivity) 
of a connected graph G which is the minimum number of vertices (resp, edges) whose 
removal results in G disconnected. The famous Whitney's inequality can be stated as 
k{G) ^ A(G) ^ 6{G) for any graph G. A subset F C E{G) is called a A-cut if |F| = A(G) 
and G — F is disconnected. 



Theorem 5.6 If G is a connected graph with order at least 3, then 6r(G') < 2A(G') + 
\{G) — 3, where \{G) is the edge- connectivity of G. 

Proof. Let G be a connected graph with edge-connectivity \{G) and F be A-cut of G. 
Then H = G — F has exact two connected components. Let x, ?/ G V{G), xy G F, and 
and Hy denote the components of G — F containing x and y, respectively. Without loss of 
generality, let z be adjacent to x in since |l^(G)| > 3. Let B = FUEh^{x)UEh.^{z)—xz 
and / be a 7R-function of G' = G — B. Then x and z is only adjacent to each other in 
G', and so we can assume f{x) = 2 and f{z) = 0. We construct a Roman dominating 
function /' of G with /'(G) < f{G'). 

If V{Hy) = {y}, then f{y) = 1. Let /' = / except f'{y) = 0. Then /' is a Roman 
dominating function of G with /'(G) < /(G'). Thus, 6r(G) < \B\ < 2A(G) + A(G) - 3. 
In the following, we assume \V{Hy)\ > 2. 

If jRiHy -y)> lK{Hy), then 

7r(G - (F U F^^,,(i/))) > 7r(^x) + 7R(^^y) + 1 > 1k{G) + L 

Thus 

6r(G) <|FUFH,(y))|<A(G) + A(G)-l 
< 2A(G) + A(G) -3. 

If 'jR^Hy — y) = 'jR^Hy) — 1, we can assume that f{y) = 1. Let f = f except 
f'{y) = 0. Then /' is a Roman dominating function of G with /'(G) < f{G'). Thus, 

hK{G) < \B\ < 2A(G) + A(G) - 3. 

The theorem follows. i 
Considering vertex rather than edge-connectivity, we could conjecture an analogy of 
Theorem 15.61 by a similar argument. 

Conjecture 5.1 If G is a connected graph with order no less than 3, then 6r(G) < 
2A(G) + ft(G) — 3, where k{G) is the vertex-connectivity of G. 

Theorem 5.7 If G is a nonempty graph with a unique minimum Roman dominating 
function, then 6r(G) = 1. 



Proof. Let / be the unique 7R-function on G, and let x be a vertex in G with f{x) = 0. 
Then there is a vertex y G Ng{x) with f{y) = 2. If there are at least two vertices 
y,z G Ng{x) such that f{y) = f{z) = 2 for each vertex x with /(x) = 0. Then let 
/' = / except that f'{x) = 2 and f'{y) = and /' is a 7R-function on G as well, which is 
a contradiction to the uniqueness of /. Thus, there is a unique y G Ng{x) with f{y) = 2 
for a vertex x with f{x) = 0. Then 7r(G' — xy) > 7r(G), which implies that 6r(G') = 1. 
I 

Theorem 5.8 If G is a vrc-graph with 7r(G) = 3, then b^{G) < A{G) + 1. 

Proof. By Lemma [2. 9 [ G is a vc-graph with 7(G) = 2. By Lemma r2.8[ G is a complete 
K2t{t > 2) with a perfect matching M removed. Thus, G is A(G)-regular, where A(G) = 
2t — 2. Let uv G M. Then f is the only vertex not adjacent to u in G. Let H = G — u. 
Then 7R(i/) = 2 since G is a vrc-graph with 7r(G) = 3. Note that the vertex v is the 
only vertex adjacent to all the other vertices in H adjacent to each of other vertices in H. 
Thus H has a unique minimum Roman dominating function / with f{v) = 2 = 7R(if). 
By Theorem [521 MH) = 1 and hence 6r(G) < A(G) + 1. 1 

Theorem 5.9 // there exists at least one vertex u in a graph G with 7r(G — n) > 7r(G), 
then 6r(G) =dG{x) < A(G). 

Proof. Since 7r(G - Eg{u)) = 7r(G - u) + 1 > 7r(G), 6r(G) = rfcW < A(G). 1 

Corollary 5.4 Let G be a graph of order n. //7r(G) = 3 7^ ri, then &r(G) < A + 1. 

Problem 5.1 Whether or not there exits a positive integer c such thath-^{G) < A(G) + c 
for any graph G of order n and 7r(G) 7^ n. 

The vertex covering number /3(G) of G is the minimum number of vertices that are 
incident with all edges in G. If G has no isolated vertices, then 7r(G) < 27(G) < 2/3(G). 
If 7r(G) = 2/3 (G), then 7r(G) = 27(G) and hence G is a Roman graph. In [17] . 
Volkmann gave a lot of graphs with 7(G) = /3(G). 



Theorem 5.10 Let G he a graph with 7r(G') = 2(5{G). Then 

(1) bniG) > 5(G); 

(2) 6r(G') > S{G) + lifGisa vrc-graph. 

Proof. Let G be a graph with 7r(G) = 2p{G). 

(1) Without loss of generahty, Assume 6{G) > 2. Let B C E{G) with \B\ < 5(G) -1. 
Then 5{G - B) > 1 and so 7r(G) < 7r(G - B) < 2/3{G - B) < 2j3{G) = 7r(G). Thus, 
B is not a Roman bondage set of G, and so 6r(G) > S{G). 

(2) Prom the above proof, every Roman bondage set B contains at least all edges 
incident with some vertex x, so that G — B has an isolated vertex. On the other hand, 
if G is a vrc-graph, then 7r(G — x) < 7r(G) for any vertex x, which implies that the 
removal of all edges incident with x can not enlarge the Roman domination number. 
Hence 6r(G) > 6{G) + 1. i 
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